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We study several aspects of FitzHugh-Nagumo’s (FH-N) equations without diffusion. Some
global stability results as well as the boundedness of solutions are derived by using a suitably
defined Lyapunov functional. We show the existence of both supercritical and subcritical Hopf
bifurcations. We demonstrate that the number of all bifurcation diagrams is 8 but that the
possible sequential occurrences of bifurcation events is much richer. We present a numerical
study of an example exhibiting a series of various bifurcations, including subcritical Hopf bi-
furcations, homoclinic bifurcations and saddle-node bifurcations of equilibria and of periodic
solutions. Finally, we study periodically forced FH-N equations. We prove that phase-locking
occurs independently of the magnitude of the periodic forcing.
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1. Introduction

We consider the FitzHugh-Nagumo (FH-N) equa-
tions without diffusion,

d_UZEg(u)_w+Iv

dt (1)
dw_u a

at W

where g(u) = u(u — AN)(1 —u), 0 < A < 1 and

* Author for correspondence.
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a,e > 0. We remark that in the existing liter-
ature, the term “FitzHugh—-Nagumo system” has
been used to refer to models both with and without
diffusion.

Although Egs. (1) have been mentioned in prac-
tically every mathematical biology book [Brown &
Rothery, 1993; Murray, 1989; Strogatz, 1994], as
well as some of their aspects have been studied in
different contexts [Armbruster, 1997; Dangelmayr
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& Guckenheimer, 1987; Rajasekar & Lakshmanan,
1988a, 1988b; Sato & Doi, 1992] there is no detailed
treatment of their dynamics from the point of view
of nonlinear dynamics theory.

Our goal in writing the present paper has been
to offer a detailed analysis of the FH-N system (1)
and to present a theoretical proof of phase-locking
of coupled FH-N oscillators.

We demonstrate that the system exhibits many
of the known bifurcation types, some of which are
executed in a nontypical way.

In various cases the FH-N system possesses un-
stable periodic solutions, which appear via subecrit-
ical Hopf bifurcations. (The instability is probably
the reason for which such solutions were not noticed
in [Murray, 1989, p. 164].) In other cases, supercrit-
ical Hopf bifurcations occur. The Bogdanov-Takens
bifurcation [Kuznetsov, 1995] is also characteristic
for this system. As noted below, homoclinic bifurca-
tions and saddle-node bifurcations of equilibria and
periodic solutions are also exhibited by this system.

It is a common practice to represent a dynam-
ical system by its bifurcation diagram. We show
that the possible bifurcation diagrams for the FH-N
equation are 8. However, because of the possibilities
of occurrence of both supercritical and subcritical
Hopf bifurcations, as well as the occurrence of ho-
moclinic orbits of the saddle associated with the
appearance/disappearance of periodic orbits, the
number of possible sequences of bifurcation events
is much larger. Thus a bifurcation diagram is not
always sufficiently informative about the system.

As evidence, we present an example which pos-
sesses a richness of bifurcation events when the
parameter [ is varied. The numerical experiments
with the example show a sudden disappearance of
two (stable and unstable) periodic orbits, which
seems to occur simultaneously near a certain value
of I. A more careful numerical investigation un-
covers that the stable and unstable periodic orbits
appear and disappear via different bifurcations as-
sociated with the homoclinic orbits of the saddle.
The careful study of the mentioned example shows
that besides saddle-node bifurcations of equilibria
and subcritical Hopf bifurcations, the FitzHugh—
Nagumo system exhibits also saddle-node bifurca-
tions of periodic orbits and homoclinic bifurcations
which occur in a very narrow interval (of magnitude
10~7 values of I ). In-between, the structurally un-
stable homoclinic orbit of the saddle converts into
a heteroclinic orbit connecting the saddle and the

unstable equilibrium which further converts back
into a homoclinic orbit of the saddle.

In short, from the standpoint of a “bifurcation
gems collector”, the well-known, simple-looking
system (1) is a treasure box which, we believe, is
worthwhile opening once more. .

The structure of the paper is as follows.

In Sec. 2 we introduce a Lyapunov functional
for the system, which is of help in establishing vari-
ous useful results. We use it to state global stability
results for certain sets of parameter values and to
prove the boundedness of the solutions of the sys-
tem. In Sec. 3, we carry out the phase plane and bi-
furcation analysis of the system. In Sec. 4 we study
the case when I is not a constant. Since a system
of the type (1) represents an oscillator (as in many
cases it possesses a limit cycle), an interesting prob-
lem is to study periodically forced FH-N equations.
Results from [Farkas, 1994] are used to prove the ex-
istence of periodic solutions with the same period
as the forcing term. We note that our result pre-
dicts the occurrence of phase-locking, regardless of
the amplitude of the forcing term.

2. Stability and Boundedness via a
Lyapunov Functional

2.1. Ezistence and linear stability
of equilibrium points

Depending on the parameters, system (1) can have
one, two or three equilibrium points. At least one
equilibrium always exists and the number of equi-
libria, cannot be more than three.

Let by = ¢'(ue). It is trivial to establish (notic-
ing that b; is a function of a):

Proposition 2.1. Let (u., w.) be an equilibrium
point. Let eaby < 1, then (u., we) is locally asymp-
totically stable ifeby < a and is a repellor if cb; > a.
If eaby > 1, then (ue, w.) is a saddle point. If
gaby = 1, then (ue, we) is unstable if cby > a.

2.2. A Lyapunov functional for
FitzHugh—Nagumo’s Equations

We intrbduce the values

9 2
T = (1 —ebra) — 2232
and \
b
S=—2-|-b1—-E
3 €

where b; = ¢'(u.) and by = ¢ (u.)/2.



Proposition 2.2. Let (ue, we) be an equilibrium of
(7). Let

V(u, w) = %[u —ue —a(w — we)]2

+ G(w — w,), (2)

where G(z) = (1/4)eaz?[a’z? — (4/3)azby — 2(by —
(1/ag))]-

Let the line L be defined by L = {(u, w)lu =
ue + a(w — we)}. Then,

(a) V(u, w) > 0 for all (u, w) # (ue, we) if and
only if T > 0. If T <0, thenV < 01ina
bounded set S, which is symmetric about the
line L. )

On L the derivative V = (0V/0u)i + (0V/
dwyi = 0. Additionally, V < 0 iff S < 0 and
(u, v) € L. If S > 0, there exists an ellipse OE,
surrounding a region € such that: (i) V < 0
if (u, w) belongs to the complement of 9E0 U
EOUL; (i) V>0 if (u, w) € E\(LNE).

(c) Ifebja <1 andeby > a, there ezists a neighbor-
hood of the equilibrium (u., we) which no solu-
tion enters. If ebja < 1 and bie < a, there is a
neighborhood of the equilibrium which no solu-
tion leaves. These neighborhoods can be found
explicitly by using level curves of V.

Suppose T > 0 and S < 0. If (ue, we) is unique,
it is globally asymptotically stable. If (u., we) is
not unique, it is the only stable equilibrium.

(b)

(d)

Proof

(a) After the transformations v =
wW— We, and v —as = y, § =
can be rewritten as

(t) =y Yt)=-yf(z,y) — n(=),
where
F(z, y) = e(¥® + (3az — ba)y
+ (3a22? — 2byaz — b)) + a,

azd) 4.

U — Ug, § =
xz the system

gi1(z) = —e(braz + bpa’z? —

The line L is the one with equation y = 0.
Then

V(z, y) =y*/2+G(z),

and

G(x) = /0 " (et

(b)

(¢)

(d)
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A simple computation yields that G(z) >
0,Vz # 0 (and therefore V(z, y) > 0,V(z, y) #
(0, 0)) if and only if T > 0. The level curves
V(z,y) = ¢, ¢ > 0 are closely nested ovals
encircling the origin.

If T < 0, the set V(z, y) = 0 consists of
(0, 0) and a closed curve, defined by

1
y? = Zeax? |—a’z? + éabga: +2(b — i .
2 3 €a
(4)

If T = 0, the set V(z, y) = 0 consists of (0, 0)
and another point on the y = 0 axis.

It is symmetric about the axis y = 0 and

surrounds a bounded set S such that V(z, y) <
0if (z,y) €S.
V(z,y) = —y%f(z, y) and obviously V =0on
LandV < 0iff f(z, y) > 0and y # 0. The last
is true for all (z, y) iff S < 0 which is calculated
by transforming f(z, y) into a quadratic form
and analyzing it.

Alternatively, the curve f(z,y) = 0 is an
ellipse £ in the (z, y)-plane if and only if S > 0.
V > 0 only in the interior of the ellipse exclud-
ing its intersection with L.

That the mentioned neighborhoods exist fol-
lows from Proposition 2.1. Next we clarify the
construction of the level curves.

If eab; < 1 then there exists a neighbor-
hood of (0,0) such that V(z,y) > 0 for all
(z,y) # (0, 0) in this neighborhood. That is,
if S exists, it does not contain the origin. If
also by > a, then S > 0. Therefore V > 0
inside £ (which exists according to (b)) ex-
cept on L N E. € surrounds the origin because
f(0,0) = —€by +a, ie. V > 0 in the vicinity of
the origin (except on the line y = 0). It is then
enough to find a level curve V = ¢ which is
outside of S (if it exists) and inside £ to ensure
that the trajectories of all solutions starting on
the curve do not enter the region surrounded
by it.

Alternatively, if eb; < a, the ellipse £ either
does not exist or does (provided S > 0) but the
origin lies outside it. Then the level curve we
are looking for is one that does not cross both
S and €. _
IfT>.0andS<0,thenV>0andV§0
(with V = 0 only on y = 0). Since V' is mono-
tone decreasing along the trajectory of any
nonequilibrium solution and bounded below,
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the solution must converge to a point (zx*, 0)
and the only such point is the equilibrium. H

If (ue, we) is not unique, let (ux, wy) be any
other equilibrium. Take the region surrounded by
the level curve V(z, y) = V(ux — te, We —we) — &
for arbitrarily small 6 > 0. All solutions starting
in this region converge to an equilibrium contained
in the region, which is either (u., we) or at most
another one (the third) equilibrium. Because § is
arbitrarily small, (u., ws) cannot be stable.

Finally, to obtain the statements of the propo-
sition, we return back to coordinates u, w.

2.3. Boundedness of the solutions

The Lyapunov functional allows to prove the
boundedness of solutions of (1) in an elegant way.

Proposition 2.3. There ezists a family of nested
bounded forward invariant sets of (1) covering the
whole (u, w)-plane. Thus, every solution of (1) is
bounded for t > 0.

Proof. Consider the functional V' defined by (2). Let
S and € be the regions from the previous section, if
they exist.

Since £, S are bounded sets, we choose ¢ =
min{c > 0|V (u, w) = ¢ D EUS U (ue, we)}. Then
for any sequence

{ci},ci>ci—l>"'aa ¢ — 00, ’I:—)OO,

the curves V(u, w) = ¢; enclose nested bounded
sets D; such that any point (u, w) belongs to such
a set for a sufficiently large ¢;. Each of the sets D;
is a forward invariant set. Thus, each solution of (1)
is bounded and confined in a forward invariant set
containing its initial condition. W

3. Phase Plane and Bifurcation
Analysis

The possible phase plane portraits of the system (1)

were revealed in [Armbruster, 1997]. Here we are in-

terested in how such portraits can appear, the types

of bifurcations, the values of the parameters when

changes arise.

Proposition 3.1. As the eigenvalues py, po of any
equilibrium (ue, we) are of the form

1 1 ,
#1’2 = iR(E, a, bl) + 5 \Y/ R2 + 4 ; (5) ’

where Q(g, a, by) = eaby — 1 and R = by — a, Hopf
bifurcation occurs in cases when R =0 and Q < 0.

3.1. The case with I =0

We consider this case separately because the equi-
libria can be found explicitly.

In this case (u., we) = (0, 0) is always an equi-
librium point. Then b; = ¢'(ue) = —X < 0, and
according to Proposition 2.1, it is always locally
stable.

3.1.1.

First, (0,0) is the only equilibrium point if and
only if

Single equilibrium point

4

1_604(1——--)\)—2<0' (6)

Proposition 3.2. Let I = 0, suppose (0,0) is a
unique equilibrium point. Suppose

1
a> Zs and

%— 3<g—i><(1—/\)<%+ 3(%-%)
(7)

holds, then the equilibrium point (0, 0) is globally
asymptotically stable.

The proof uses the Lyapunov functional and is
in Appendix A.

For the case when (7) does not hold, one can
only state

Proposition 3.3. Let (0, 0) be a unique equilibrium
point. If (7) does not hold, (0, 0) is either globally
asymptotically stable, or there exists a stable peri-
odic orbit.

The proof follows from Poincare-Bendixon’s
theorem. However, we have not been able to ob-
serve an instance when such an orbit exists for the
case of unique equilibrium.

As (0,0) is always stable, Hopf bifurcations do
not occur in this case.

3.1.2.  More than one equilibrium.:
Subcritical Hopf and
Bogdanov-Takens bifurcation

On the two-dimensional parameter surface ea(l —
M2 = 4 a saddle-node bifurcation of equilib-
ria occurs. Bogdanov—Takens (B-T) bifurcations



[Kuznetsov, 1995] occur when @ = 1 and ea(l —
A)2 = 4. Small limit cycles exist in the vicinity of
the curve @ = 1, € = 4/(1 — X\)? at least for a < 1.
Here we describe in some detail how the B-T bifur-
cation is accomplished.

If ea(l — A\)? > 4, there are two equilibrium
points in the first quadrant, E4 = (u1, w;) and
Ey = (ug, we), where

u =p—ryq, uz=p+r/q, wiz% and
I _tex 1A @
1= " @i-n2 PT9 "To

At Ey, €ab; > 1, which, according to Proposi-
tion 2.1 implies that E; is always a saddle point.

It is easy to check that for Ey, by = (1/ag)—(1—
A)y/qua. Then Q < 0 and it follows that Ej is stable
if R < 0, a repellor if R > 0 and undergoes Hopf
bifurcation when R = 0. The type of Hopf bifur-
cation (super or subcritical) cannot be determined
in general, but in particular, for each given set of
values of the parameters calculations to determine
it can be carried out, as done in Appendix B.

More precisely, if ea(l — A\)2 > 4, the equilib-
rium Fy is unstable if

1+2 1-2A
202

>0. 9)

aR=1-a%-ca(1 - )\)\/g

We see from (9) that if a > 1, Es is stable inde-
pendently of the values of ¢, A, because then R < 0
and @ < 0. Some trajectories are attracted by FEj,
others, by Ey. Figure 1 shows a typical phase por-
trait in that case. The basins of attraction of both

E2
0.6
0.4
. /
El

)

/ﬁ . ‘ ‘ a
EO} y 0.2 0.4 0.6 0.8
Fig. 1. Phase plane trajectories in the (u, w)-plane, when

both Ep, F9 are stable. I = 0, a = 1.2, A = 0.1, ¢ = 14.
Ep = (0, 0) and E5 = (0.928,0.77).
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equilibria are separated by the stable manifold of
the saddle E;.

If a < 1, E5 is a repellor for sufficiently small
values of g, i.e. near the surface ea(l — \)? = 4,
immediately after the saddle-node bifurcation that
causes the appearance of E; and Ejs.

For example, if € = 14, a = 0.37 and A = 0.1,
there are two positive equilibria besides the origin,
and Ej is a repellor, because (9) holds as is verified
by direct calculation. All orbits, with the exception
of the stable manifold of F4, are attracted to the
origin.

Stated otherwise, if we fix € > 4 and consider
the curve a = 4/(1 — )2, for each a < 1 there is a
value of A (in fact an interval of values of \) such
that Fo is a repellor. Starting from such values of
a, €, A, while keeping £ > 4 fixed and increasing a,
since R is a decreasing function of a, R will even-
tually become negative and therefore Fy will be-
come stable. The exchange of stability is realized
via Hopf bifurcation, because Q < 0. In the exam-
ple above, by increasing a from 0.37, R becomes
equal to 0 for a ~ 0.379785, which is the value of a
for which Hopf bifurcation occurs. Numerical simu-
lations show that the bifurcation is subcritical. An
unstable periodic orbit exists for values of a larger
than 0.379785, i.e. when Fj is stable, as shown in
Fig. 2. Solutions, starting inside the unstable pe-
riodic orbit, approach Ej, while solutions, starting
outside of the unstable periodic orbit (with the ex-
ception of F; and its stable manifold), approach the
other stable equilibrium (0,0) (Fig. 2).

E
1
El
S
L
N
> * u
-0.2 EO 0.2 0.4 0.6 0.8

Fig. 2. Phase plane trajectories in the (u, w)-plane, when
both Egy, E2 are stable, but an unstable periodic solution
surrounds Fy. All solutions starting near the orbit on its
outer side approach Ejy. Solutions starting inside approach
Ey. 1=0,a=038, A=0.1, ¢=14.
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That the Hopf bifurcation is subcritical can
also be shown by direct calculation of the value G4
(see Appendix B). The constant G4 determining the
type of bifurcation is positive (22.5165), i.e. the
bifurcation is subcritical.

The analyzed case illustrates a Bogdanov—
Takens bifurcation, as when a passes through 1 at
the intersection with the curve a = 4/(1 — \)? for
each fixed € > 4, both eigenvalues of the newly
emerged equilibrium are 0. The Hopf bifurcation
curve in the (a, ) space passes through this inter-
section point.

We note that, when compared to the case delin-
eated in [Kuznetsov, 1995, p. 281], our example is
different in the order of events. In the case described
in [Kuznetsov, 1995] the newly emerged equilibrium
is stable and destabilizes while a stable periodic or-
bit appears. In our case, it is unstable near the bi-
furcation curve and stabilizes later with the appear-
ance of an unstable periodic solution. Although this
observation does not describe some completely new
phenomenon, it is worthwhile mentioning from an
educational point of view.

3.2. The case with I #0
3.2.1.

The equilibria in this case satisfy the equations

Existence of equilibria

eg(u)—g+I=O, I>0,
(10)

w= —.
a

Here again, there might be one, two or three
equilibria. Let ®(u) = eg(u)— (u/a). An equilibrium
(ue, we) should satisfy the equation ®(u.) = —I.
There are three distinct cases.

(a) If
s=(1—)\)2+)\—§g<0, (11)

®(u) is decreasing, thus there exists a unique
equilibrium for all values of I.

(b) When s = 0, ® has an inflection point at
u = (14 A)/3. The three-dimensional set s = 0,
—I = ®[(1 + A\)/3)] consists of saddle-node bi-
furcation points. ®(u) is decreasing, and there
exists a unique equilibrium for all values of I.

(c) If s > 0, ®(u) has a maximum Ip; = {1+ A+
/3)/3] and a minimum I,,, = ®[(1+A—+/s)/3].
Depending on the relation between I, I, and
I there can be 1, 2 or 3 equilibria. If Iy < —1

or if I, > —I there is only one equilibrium,
if I, < —I < Iy, there are three equilibria,
while I = —I;; and I = —I,,, are saddle-node
bifurcation values of the parameter I.

3.2.2. Single equilibrium point: Stable,
unstable and supercritical Hopf
bifurcation

If only one equilibrium, Ey = (ug, wo) exists, unlike
(0,0) for the I = 0 case, it can be either stable or
unstable. The considerations in the previous section
show that if (up, wo) is a unique equilibrium and if
s # 0, then ®(ug) = eg'(uo) — (1/a) < 0. If s =0,
then ®'(ug) < 0.

Further, Proposition 2.1 tells us that if eg (ug)—
(1/a) < 0, then Fjy is asymptotically stable if

ed'(uo) < a. (12)

Thus, if Ey is unique, it is asymptotically stable if
(12) holds with the exception of the case when s = 0
and [ = —®[(1+ ))/3]. It is unstable if eg’(up) > a.
In this case a stable limit cycle exists, which follows
from Poincaré-Bendixon’s theorem. Because the ex-
change of stability is achieved via Hopf bifurcation
(see Proposition 3.1) the stable cycle appears as a
result of a supercritical one when eg’(ug) = a.

We can combine these observations and the
results from the previous section to obtain the
following

Proposition 3.4. Ifs < 0 or if s > 0 and either
I<—®[(1+A++/5)/3] or I > —B[(1+ A —+/5)/3]
hold, then the unique equilibrium Ey = (ug, wo) is
asymptotically stable if either a > 1 or gg’(ug) <
a < 1 and unstable if a < eg'(ug) < 1. In the last
case, a stable periodic orbit exists around Eyg.

When FEjy is unique and stable, there are cases
in which we can prove that it is globally stable by
using the Lyapunov functional from Sec. 2.

Let us examine a numerical example with a =
0.06, ¢ = 14, A = 0.5 and vary I from 4 to 13
(Fig. 3). There is a unique equilibrium for all these
paraméter values and two Hopf bifurcations take
place. For I < 4.2 the unique equilibrium is sta-
ble and loses stability near this value. A supercrit-
ical Hopf bifurcation leads to the appearance of
a limit cycle, whose amplitude increases initially
with increase in I and later decreases again until
a second Hopf bifurcation takes place at approx-
imately I = 12.43, and the equilibrium becomes



M ————
8 K \d
6K xc

N N

u

Fig. 3. A limit cycle appears through Hopf bifurcation,
moves upward and disappears through another Hopf bifur-
cation. a = 0.06, A = 0.5, ¢ = 14. (a) I = 4.26, (b) I = 5,
(I=7(d)I=09,(e) I =11, (f) I =1175 (g) I =12.42.

stable again. The supercriticality of the Hopf bifur-
cations is also supported by calculating the value
of G4 (see Appendix B) which is the same negative
value in both cases, G4 = —6.11724.

3.2.3. More than one equilibrium:
Subcritical Hopf bifurcations

Keeping a, A, ¢ fixed, the values I = Ijy and I = I,
are equilibrium saddle-node bifurcation points, as
noted in Sec. 3.2.1. These bifurcations occur when
the slopes of the nullclines are the same, i.e. when
€g'(ue) = 1/a. Similarly to the case when I = 0,
these points are B-T' bifurcation points if a = 1.

Suppose that (10) has three positive solutions:
Eo = (uo, wo), By = (u1, w1), Ea = (ug, ws), where
ug < u1 < up. By is always a saddle point, since
eg'(v1) > (1/a). For Ey and Ej it is easily seen
that ®'(u;) = eg'(w;)) — (1/a) < 0,4 = 0, 2. The
equilibrium points Ep and Ey will be locally stable
or repellors, depending on whether eg’(u;) is less or
greater than a.

(A) Obviously, if a > 1, the condition ®'(u;) < 0,
¢ =0 or 2 implies stability of F;.

(B) Let a < 1. Let us denote ¥(u) = eg(u) — au.
Then E;, i = 0, 2 is asymptotically stable if
U'(u;) < 0 and unstable if ¥/(u;) > 0. Let
apy > oy, be the roots of & and var > v, be
the roots of ¥’. An easy calculation shows that
ay < ym and o > Y. Since '(w;) < 0,
then u; < a,, or u; > aps. Therefore E; is sta-
ble if u; < v, or u; > s (see Fig. 4). Thus the
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stability of Eg and F5 depends on the relative
location of the roots of ®(u) + I with respect
to the roots of ¥ when I varies.

Starting from a value of I < —Ip; and increas-
ing I until I > —I,, first only Ey exists and it is
stable if I is small enough (as in (a) in Fig. 4). When
I is increased:

(a) Ep becomes unstable;

(B) Enr and E» appear via a saddle-node bifurca-
tion, Ey being unstable [as in Fig. 4(b)];

(7) E2 becomes stable.

These three phenomena always occur but not al-
ways in this order.

(6) Ey and Ey disappear [as in Fig. 4(c)].

Eight different scenarios are possible which can
be described in the following way. Let us denote by
El,i=0,2, ¢ = s, u the equilibria F;, i = 0, 2 in
the cases when they are stable (¢ = s) or unstable
(¢ = u). Then the eight scenarios can be described
as

— {Eg, E3} — E3;
(i) E§ — E§ — {EY, EY} — EY — E§;
(i) Bg— (B3, By} — (B, Bs)
— {E¢, E3} — E3;
(iv) E§—{Ej, By} — {E§, B3} — E3;
(v) E§ — {Ef, E3} — {EY, ES} — ES;
(vi) Eg — Eg — {Ef§, E3} — {E§, E5} — E3;

B§ — {Eg, B3} — {Ef, B3} — E3.

(13)

Fig. 4. FE;, 7 = 0, 2 is stable if u; is located to the left of
“Ym, or to the right of vps and unstable if located between ym,
am or apf, Yip- See text for more detail.






