MATH 205, HOMEWORK 4

Problem 1 (Chapter 2, Exercise 24). A step function is, by definition, a finite linear com-
bination of characteristic functions of bounded intervals in R'. Assume f € L!'(R!), and
prove that there is a sequence {g,,} of step functions so that

o
Jm [ @) - gule)| do =0,

Answer. (Ruben) First note that it suffices to prove this result for f non-negative, because
otherwise the negative and positive parts of f can be handled separately, and then put
back together. Next note that there is an increasing sequence of simple functions h,, all less
than such that [,(f(z) — hn(z))dz — 0, because this is part of the definition of f being
integrable. This means we will be done if we can approximate each h, as a step function
gn arbitrarily well, in the sense that [ g |Pn — gnl| can be made as small as we want. Each
h, is the a finite linear combination of characteristic functions of sets of finite measure.
Thus, to approximate h, with g,, it suffices to be able to approximate characteristic sets
of measurable sets with characteristic functions of finite unions of bounded intervals.

Let F be a set of finite measure and let € > 0. Then by regularity of Lebesgue measure,
there is an open set V' 2O E such that u(V'\ E) < e. Open sets in R are the countable union
of disjoint open intervals, in particular, V' = (J;2, Ix. Because E is of finite measure, so is
V, and so u(V) = > 732, u(Ix) < oo. Take N large enough that > .2 v p(fy) < e, and let

W = Ur_, Iy Calculate that

/R|><E—xw| dwz/ﬂ%mE—wiw/va—xm de = p(V\ E) + u(V\ W) < ¢

Here is a more detailed answer:( Marta)

Proof. By the LDC, (since [s,| < |f|) we conclude that

hm/ Sp dx = / fdx. (

For each n, s, is simple, hence, it is of the form s,, = Z AniXE, ; (without loss of generality
i=1
we will assume a,,; # 0). We have that m(E, ;) < co. Indeed,

(o]
m(En,l) = |an,i|1/ Sn dx S |an,i|1/ |f’d$ < o0.
En,i

—o0
k
Define a,, := Z -
i=1
We claim (see proof below) that for each n > 0 there exists A,, ; such that

[ ]
- Ay ; is the finite disjoint union of open intervals (4, ; = U )

m=1,...,l
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. m(En,iAAn,i) < %i

k
Define g, := Zan,i X4, ;- Since
i=1

k k l
gn ‘= § Ani XA, — E § QAn,i XI™,5
i=1

i=1 m=1
Jn is a step function.
Moreover

/ ’f_gn‘dx < / ’f—Sn’d.%'—}—/ ]sn—gn]dx—>0.

(by (1))— 0 — 0 (by (%))
oo o) k k
(+) / ($n — gul dz = / 1> i Xy = > ni x| da
- 0 =1 i=1
o k
< / |an.il IXE,. — XA,.| dv
=00 j—1
K 1 1

1
= ) lanil m(EniAAL ) < ank— =— 0

nka n
i=1 "

Let f € L'(u). Then f = f* — f~. Since f* and f~ are positive functions, there exist two
sequences of step functions, {g;"} and {g, }, such that

lim/ lff =gt dx=0
n —0o0
and -

1im/ |f~ —g,|dx=0.

Define g, := g;7 — g,, ( gn is a step function).
Hence

hm/ \f—gnldxélim/ Fr gt + | — o] dz =0
n o n — 00

Proof of the claim: We will prove that if E is a measurable set with m(E) < oo, then for every
€ > 0 there is a set A that is the finite union of open intervals such that m(EAA) < e.

Let E be a measurable set with m(E) < co and let € > 0.

We have that
m(E) = inf {)_ pu((a;,b) | E C | J(a;,b;)}-
JEN JEN
and
m(E) = sup {u(K) | K C F and K is compact}.

Let {(a;,b;)} be a collection of open sets such that

o F - U(aj,bj) and

jEN
o m(E)+ %> m((a;,b;)).
JEN
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Let K a compact set such that

e K CF and
e m(K)>m(E)— .

Then {(a;,b;)} covers K. Since K is compact, there is a finite subcover of {(a;,b;)},
{(a'ji’ b]@)}zil =U.

Define A := U(aj“bj ). Then

i=1
m(E\ ANE) < m(E\ K) <§
(since K € AN E) and
m(A\ ANE) <m(A\ K) <m(U\ K)
(the first inequality holds because K C AN E and the second one holds because A C U).
Since U = E U (U\E), then U\K = (E\K) U (U\FE). Hence

mU\ K) = m(E\K) + m(U\E) < Z+Z: g

Therefore,

m(EAA) = m(E\(ANE)) + m(A\(ANE)) < © + = < e

Problem 2 (Chapter 3, Exercise 4). (Ruben + additions) Suppose f is a complex measurable
function on X, p a positive measure on X, and

o) = [ 1P du =117l (0 <p<oo).
Let E={p: ¢(p) < oo}. Assume ||f| ., > 0.
a. If r<p<s,re FEand s € E, prove that p € E.

Answer. Define

fs1(z) = {f(x) if |f(x)| > 1

0 otherwise

f@) i |f@) <1

0 otherwise

and f<i(z) = {

Then f = fo1 + f<1, and also |f<1” < |f<i1|” and [fs1]” < | f>1]°, s0

/vwws/ugrw+/uafw
X X X
< [ U7 du [ 107 dn <.
X X

b. Prove that log ¢ is convex in the interior of E and that ¢ is continuous on F.
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Answer. If r < s are in the interior of E, then ¢(r) and ¢(s) are finite and positive. Let
0 <A< 1,and set p=Ar+ (1 —\)s. By Holder’s inequality,

o= [ s ([ dﬂ) ([ du>1 B

Thus, log(i2(p)) = log((Ar + (1 — A)s)) < Alog(p(r)) + (1 — A log(p(s)), and so log
is convex, and therefore continuous on the interior of E. This means that ¢ is also
continuous on the interior of E.

Addition to Ruben’s solution For continuity of ¢ we have to prove : If p € E
and {p,} is a sequence in E converging to p = ¢(p,) — ¢(p). We may assume {p,} is
either increasing or decreasing, ( this is not essential it just simplifies the notation a bit).
Set ¢ = max(p.p1), r = min)p,p;). The assumption on {p,} being monotone implies
r<pp<qVn.Let A={x e X :|f(z)| > 1}, B={z e X :|f(x)] <1},

Clearly |f|P» — |f|P a.e; jn fact everywhere. Moreover,

[P < Ixal I+ xslf]"-

The function|xa|f|? + xB|f|". is integrable; the fact that {¢(p,)} converges to ¢(p)
follows from Lebesgue’s dominated convergence theorem. End addition
O

. By a. E is connected. Is E necessarily open? Closed? Can E consist of a single point?
Can E be any connected subset of (0,00)? Here are several answers

Answer 1. (Ruben)
F need not be open, or closed, and it is possible that F could be a single point.
For a > 0, define functions

Ve foro<ax<1 0 forO<z <1
@ = B d e = I
fal@) {O forl <z a 9a (@) o for1<ax
Calculate that

oo 1 dr 0o Ay
- -
/O fa («T) B /0 P/ and /0 ga(x) - /1 rp/a’

S0 fo € LP if and only if 0 < p < «, and g, € LP if and only if o < p < co. Note also
that || fall, decreases monotonically and [|ga ||, as p increases while they remain finite.

Thus, the functions fi;1/, are all in L? for 0 < p <1+ 1/n. By completeness of L',

the series
o0
Zi f1+1/n
=2 el
converges to a function in f € L', which is not in any LP for p > 1. In fact f € L?

exactly when 0 < p < 1.
On the other hand, the functions g/, are all in L? for 14+1/n < p. By completeness

of L', the series
i 1 G141/m
=2 Hgl+1/nH1

converges to a function in ¢ € L', which is not in any LP for 0 < p < 1. In fact g € LP
exactly when 1 < p.
Finally, note that f + g € L', but not in L? for any p # 1. O
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Answer 2. Check out the function:

L 0<z<1

f@):{xmawm>
0

otherwise

This will give you a function in L' and not in LP for p > 1. Another function to play
with is
1
wlogrmye <@ s

=1 <
f@) =4 sy L <22

0 otherwise

This wil give a function in L' alone. |

Answer 3. (See in additional solutions)

O

It r <p < s, prove that |[f[|, < max(||f||,,[|f]ls). Show that this implies the inclusion
L7 () N L3 () S LP(p).

Answer. (Ruben) This follows from the convexity of log . Write p = Ar + (1 —\)s, and
calculate that

log([[f1l,) = 5 log(e(p)) < 5 (Mog(i2(r)) + (1 = M) log(e(s)))
%(Arlog Hf\lr) + (1= N)slog([If1,))
< 5 (A + (1 = N)s)max {log(|| f,.), log (Il fII,)}
=m X{log(llfllr),lo (A1)}

Thus, because exp is a monotonically increasing function, || f||, < max(|[f], , [ f]l,)-
This implies that if f € L"(u) N L®(p) then f € LP(u). O

. Assume that || f]|,, < oo for some r < oo and prove that
1l = [ fllee as p— oo

Answer. (Rob) Part when 0 < || f||cc < 00

Solution : If || f]lcc = 0, then u(X) =0 or f = 0 almost everywhere, and in either
case ||f||, = 0 for all p > 0. Thus, assumine first that || f||c to be a positive real number
B, ( that is § < 00)) we will show that limp_. | fllp, < [|fllee < limp_oo || f]|p- To see

the first inequality, we see that
1
p
(/ | fP du)
X

Il = (/errpdu)‘l’ |
([usir i1 an)’
= ) ([ 1oy du)

IN
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1
Since 0 < || f]|» < 0o, we see that lim </ | f 1" dM) " =1 and so
p—00

T 7l < m (1) (/ Iflrdu>

= Jim (1 £llo) "

= ||f||oo-

To see the second inequality, we note that given any ¢ > 0, the set E = {z | f(z) >
(3 — €} has positive measure. Then we see

I = ([ 1sr du>; > u(E)

1
Taking the limit as p — oo we see that u(E)r — 1, and so we obtain

Jim |fl, = B

3=

(B¢

Since this inequality holds for all € > 0 we can say that lim ||f|l, > || f]lcc. Now since
p—00

i [|fll, < [Ifllc < lim [|f[|p, we can say that lim |[fll, = [[f]lc-
pP—00 pP—00 p—00

Addition to Rob’s answer Let || f||infey = 00. Let A=n = {x: |f(z)| > n}. Then
we have that A = U2 ; A,, has measure pu(A4) >0 and A; D Az D ..... We have two cases
e If there exists N so that p(Ayx) < oo = limy_oo = p(A).
o (Ay) =00V N
Both cases yield lim,, . || f||, = oo since

1/p 1/p
W(An)l/p§< / \f|pdw> (/X \f\pdw>

The result follows letting n — oco. t

Problem 3 (Chapter 3, Exercise 5). Assume, in addition to the hypotheses of Exercise 4,
that u(X) = 1.

a. Prove that [|f||, < || f]l,if0 <7 <s < oo.

Answer. Let t = s/r > 0 and v be conjugate to t. Then by Hélder’s inequality, ||f"|; <
£ 1L, = 117 |l;, because pu(X) = 1. Rewrite in terms of r and s to get

16\ /7
1AL = 17 I < 171" = ((/umtdu) )
1/s
=</|f|3du> — 71,

b. Under what conditions does it happen that 0 < r < s < oo and ||f||, = || f||, < 007

Answer. ]( Ruben) It is clear that one possible condition under which || f||, = || f]|, < oo
is for f being almost everywhere constant. This also the only condition under which this
can happen.
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Let f besuch that || f||, = || f||, < co. We can assume that || f||, = 1, because otherwise
we could scale f to make that true. Let g = |f|", and t = s/r. Then [|g|, = ||f], =1

and ||gl; = [ /" dp= [ | du=1.

Let v be the exponent conjugate to t. By Holder’s inequality, 1 = ||g||; < ||1]l, llgll, =
1-1. This completes the proof, because the only conditions under which equality hold for
Holder’s inequality applied to two positive functions are when the two functions involved
are scalar multiplies of each other. In this case, that would make g a scalar multiple of
1. O

. Prove that L"(n) 2 L*(p) if 0 < r < s. Under what conditions do these two spaces
contain the same functions?

Answer. |( Ruben) L"(u) 2 L*(p) if 0 < r < s follows from part a.
It happens if i is a measure over a finite o-algebra. This may be the only conditions
under which this happens, but I do not have time to investigate now. ]

. Assume that || f]|,, < oo for some r > 0, and prove that

lim || f[|,, = exp (/ log || du)
p—0 X
if exp(—00) is defined to be 0.

Answer. ( Marta; solution when log |f| € L)
Assume that || ||, < oo for some > 0. and log |f| € L!
Since exp is a convex function and log o |f|P is in L' (), by Jensen’s inequality, we have

that
X ol|fP ’ Xp o ol|fP ’
(ep{/XzOg I du}) s(/Xep logo |f] du) o
o (exp{p /XZOQOIf!du})p < (/X|f|wu)”<:>

& eXP{/XZOQOmdM}SHpr-

We have that (for small p) WTfl < 2log|f| since log |f| € L' by LDC,

P_1 P_1
lim/ Ld,u = / lim L
p—0 Jx p x p—0 p

Since log(u) < u—1 (for u > 0 defining log(0) := —o0), we have

togIflly) = ;wg(/X !fl”du>
(o)

= (L - w0
= [ rr - au

IN



HW 4

Then,
| T
< s
limlog(If1},) < Jim [
p _
= /lim‘f| 1d,u,
xp=0 p
- / log | dy
X

and, hence (since exp is continuous),

lim || f||, < exp (/ log|f| dﬂ) :
p—0 X
And case when log |f| € L follows.

Addition to Marta’s solution
Case 2. log |f| ¢ L!

In this case since exp{ / log|f| du} <||fllp, it follows that
b'e

/ log|f| du = —o0
X

since || f||? < oo. Hence we need to show that ||f||, — 0 as p — 0. This can be done
easily if f is a characteristic function. Note that for [y log|xg|dp = —oc the set E C X

and e # X. Hence ||xz|, = p(E)/? — 0, when p — 0 sinceu(E) < 1. The analysis
for simple functions is the same. Recall f € L" some r > 0, we can take r, 1. Let s, be
simple functions such that,

0<s1<s2<...<f,and sp(s) 1 f(x), Ve e X

For any p € (0,1) one has the reverse Minkoswski inequality

1f +allp = [If1lp + llgllp
let g = s, — f then
1fllp = If = snllp + l[salle (1)
Let p < r then r/p > 1 and we can use Jensen’s inequality. to obtain

1=l = ( [ 17 = suban <Ifll 5 @
Since f > s, it follows that [|f — su||+||f|l- < co. Hence By LDC ( and Jensen) it
follows that
fiw [f = sullp <l (1f = sl = [ i (7 = saldn =0
n—o0 y

n—in n—infty

Therefore given € > 0 there exists N, so that Vn > N,
€
1 =salp< s @)
Since for all n we had ||sy||, — 0, asp — 0, we have that there is p, so that for all p > P,
it follows that

>(T/p)(1/7‘)

€
lswl <5 @)

Combining (1), (3) and (4) yields for all p > P,
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1Fllp < llsncllp +11f = sn,llp <€

Since € was arbitrary the result follows
O

Problem 4 (Chapter 3, Exercise 9). (Ruben)

Suppose that f is Lebesgue measurable on (0, 1) and not essentially bounded. By Exercise
4(e), [[fll, — oo as p — co. Can [|f||, tend to oo arbitrarily slowly? More precisely, is it
true that to every positive function ® on (0,00) such that ®(p) — oo as p — oo one can
find an f such that ||f||p — 00 as p — oo for all sufficiently large p?

o, = (;p)/
() -0) @)

2.

(6]
ac
< 1 > 1/p
acl @

Answer. Calculate that

SO

IN

>

acl

p

For every n = 1,2,..., there is a p, such that ®(p) > n + 1 for p > p,. For each
n, choose «,, large enough that (1/0zn)1/p < 27™ for p > pn, and let I be the set of these
chosen a,’s. Define f(z) = ;% and calculate that for p < pp,

n 1 1/p 00 1 1/p
< il i
£, < <ak> + ) <ak>
k=1 k=n+1

x
<n-+ Z 2_k<n+1.
k=n-+1

See additional solution

Problem 5 (Chapter 3, Exercise 10). (Ruben)
Suppose f, € LP(u), for n = 1,2,3,..., and || f, —pr — 0 and f, — ga.e., as n — oo.
What relation exists between f and g.

Answer. f = ga.e., because || f, — f||p — 0 implies that f,, — fa.e. O

Problem 6 (Chapter 3, Exercise 11). (Ruben) Suppose £(€2) = 1 and suppose f and g are
positive measurable functions on {2 such that fg > 1. Prove that

/fdu-/gduzl.
Q Q

Answer. f1/2¢1/2 > 1, so by Schwarz’s inequality

1§/Qf1/291/2du§ (/Qfdu>2</ﬂgdﬂ>2-
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Take the square root of both sides to get
| s [ gduz1.
Q Q
O

Problem 7 (Chapter 3, Exercise 12). (Ruben) Suppose u(2) = 1 and h :  — [0,00] is

measurable. If
A= / hdu,
Q

\/1+A§/\/1+h2du§1+A.
Q

If 11 is Lebesgue measure on [0, 1] and if f is continuous, h = f’, the above inequalities have a
simple geometric interpretation. From this, conjecture (for general 2) under what conditions
on h equality can hold in either of the above inequalities, and prove your conjecture.

prove that

Answer. The function v/1 + z2 has a positive second derivative, and is therefore convex.

Thus Jensen’s inequality gives v1+ A < [, V1 + h2du. Also, note that v1+22 <1+
for all x > 0, because its first derivative, x/v/1 4+ 22 is bounded by 1. Hence,

/\/1+h2du§/(1+h)du§1+A.
Q Q

The second inequality will be strict only if h is zero almost everywhere, because
V1+ 22 <142 for x > 0. The first inequality will hold only for h constant, because the
function v/1 + 22 is strictly convex for z > 0. O

See in additional solutions the answer for the geometric part



