30. Contraction Mappings

We now give a method for finding a fixed point of 2 mapping of a2 metric
space into itsell. This method will be used later to construct solations of

differential eguations.

30.1. Definition. Let 4: M -5 M be a mapping of a metric space M
{with metric p} into itself. Then M is said to be a contraction mapping if there
exists a constant 4, 0 < 4 < I such that

pldx, ) < Ap{n,y) Vx,ye M {
Example 1. Let A: R — R be a read function of 2 real variable (Fig. 198). If the derivative
of 4 iz everywhere of absolute value less than 1, then 4 need not be a contraction mapping,
However 4 is a contraction mapping if

Ai<<i< 1.

Example 2. Let A: R® — R" be a linear operator. If al the eigenvaiues of A ie strictly
inside the unit disk, then there exists a Euclidean metric (a Lyapunov function in the
sense of Sec. 22,9} such that 4 s a contraction mapping.

Problen 1, Which of the following mappings of the line {with the ordinary metric} into
itself are contraction mappings:

a) ¥ == sin x; byy= /x> +1; ¢)y=arctanx?
Problem 2, Can < be replaced by < in the ineqguality {1)7

30.2. The contraction mapping theorem. A point xe M is called a
fixed point of the mapping 4: M —+ Mif 4x = x.
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Fig. 198 Fixed point of 2 contraction mapping.
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Fig. 199 Sequence of images of a point ¥ under a mapping 4,

THEOREM. Lot A: M - M be a contraction mapping of a complete metric space M
 into self. Then A has o unique fived point. Given any point x € M, the sequence

x, Ax, A%, A3x, . ..
uerce Fx, 3
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&> 0 } NEN Proof. 1f p(x, A) = d, then

A 5? (, p of images of x under application of the operator A (Fig. 199) converges to the fised
'
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converges, and hence the sequence 4%, n =0, 1, 2,. .. is a Cauchy
/ . f sequence. But the space M is compiete, and hence the Fmit
X = lim A"
Lo se -
ever [a we by T ,
j /\/; exists. The point X is a fixed point of 4. In fact, since every contraction
g { "y “t (h mapping is continuous {choose § = ¢}, we have
¢
has AX = 4 lim A% = fim 4% 5 = X,

L4 et an

Maoreover every fised point ¥ coincides with X, since

X, ¥) = p(AX, AY)

X T, A<= pX, ¥) =0 §




Remark. The points x, A%, Ax, . ..

y Az A%
x/j‘mﬁ&.
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Fig. 200 Esumate of the accuracy of an approximation x to the fixed point X.

Let % be an approximation to the fixed point X of a contraction mapping 4.

are calied successive approximations (o X

Then the accuracy of the approximation is easily estimated in terms of the

distance 4 between the points x and 4x. In fact

d

plx X) ﬁ‘iwa

since

QA=
1 -1

{Fig. 260},

Problem 1. Prove the inverse function theseerm,

Hint, £t is sufficient to fnvert a O -mapping with a usit linear part y = % 4 o{x), where
#'{G} == G in a neighborhood of the point 0 « R* {a linear change of variables reduces the
general case to this case). Suppose we look for a sclution of the form x = y -+ ¢{y)-
‘Fhen we get the egquation

¥(¥) = —ely + ${¥h)

for . Therclere the desived function g is 2 fixed point of the mapping 4 defined by the
formuis

{(de}y) = —ely +wi¥)):

Moreover A is a contraction mapping {in a suitable metric}, since the derivative of the
function e is small in a neighborhood of the point 0 {becausc of the condition ¢'(0) = 0).
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