
ODE I – project

The wave equation

1. Motivation

In class and on the homework we looked at a system of one mass being affected by two

springs. Using Hooke’s law as well as a damping force, we showed that the differential

equation m

�

x ��� k1
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k 2 x � b
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x  describes this system. Neglecting the effect of damping,

it shall be discussed how multiple masses and springs can be described mathematically in one

dimension. Finally, we will show that in the continuous limit, where the number of masses

goes to infinity, we are led to a 2nd order partial differential equation. This should be taken as

a motivation to study partial differential equations in the future.

2. The Lagrange Principle

A lot of physical principles are based on the thought of minimizing quantities. For example,

refraction of light in water can be derived by calculating the path of the shortest time from

one point outside the water to another inside. This idea was generalized to the Hamiltonian

variation principle. Here it is attempted to weigh the paths from one point to another by some

function and choose the path that minimizes this, hoping that it is the path the particle will

actually take. We call this quantity the action and define it by:

S �

�

L �
	 q � t � , q � t � , t � dt

To find the extreme points, we must set its derivative (with respect to direction not time) S�

to zero:

S� � � 
 L ��� q , q , t � dt ��
 �

L

�

�q

� �q ���

L

�

q
q� dt ��
 �

L

�

q
q� ���

L

�

�q

d q�
dt

dt   (1.)

We deal with the 2nd part using integration by parts:
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Because we do not intend to modify our endpoints, q� t 1 �

q� t 2 �

0 , forcing the first

term to vanish. Plugging the remainder of (2.) into (1.) gives:
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For S�  to equal zero, it is clear that the integrand must vanish. This immediately yields:
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These are the so-called Euler-Lagrange-Equations. By choosing the right weighting function,

called Lagrangian, we can solve a lot of classical mechanics problems. In almost all cases of

classical mechanics this choice is:

L ' T ( V

Here T denotes the kinetic and V the potential energy of the system. It will now be shown for

a few simple examples, that Lagrangian mechanics reproduces the same equations of motion

as Newtonian mechanincs. 

3. The free particle

Throughout this paper, we will keep to one dimension, although the true power of the

Lagrangian technique may be more obvious in higher dimensions.

The first choice of example is obvious: we will look at a free particle, that is: one without

external forces acting on it.

From F ) ma ) m *x , knowing the force is equal to zero, we get: m *x ) 0 . Integrating this

twice yields: x + t ,

& v 0 t - x 0 . Here x 0  and v 0  are constants representing the initial

velocity and initial position. We have hereby shown, that a particle experiencing no forces

travels in a straight line. 

To calculate the equations of motion by the Lagrangian technique, we must find the potential

and kinetic energy of a particle. Of course, the kinetic energy of the particle is
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which is the same as Newton’s equation as we had claimed.

4. Two masses, three springs

As a second example, we look at three springs in parallel. The left and the right spring, both

with spring constant k, are attached to a wall, the one in the middle k m  connects two masses.

For simplicity both have mass m. To set up the equations of motion, consider the Force acting

on the left mass:
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This makes sense, because the middle spring pushes back the left mass, when x1 A

x 2 , i.e.:

when the spring is compressed. In complete analogy:
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This looks a little more beautiful in vector notation and using F L m Mx :
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From here, one can either choose to set v : Y[Z x  to get four first order equations and use

methods discussed in class or one can analytically solve the equation. This can be achieved by

guessing the solution as x n \

A n ei t�  for n ] 1,2 . Differentiating this twice immediately

yields: ^
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By comparing equations (3.) and (4.) in an attempt to solve for w, we obtain:
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Systems of this type only posses a solution, if the determinant of the matrix vanishes. Solving

this yields the eigenvalues and eigenvectors of the system:
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In this case, the eigenvalues are called eigenfrequencies of the system and the eigenvectors

correspond to the two masses swinging either in phase or in opposite phase. 

Using the Lagrangian technique, we get:
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This is again equivalent to our result from Newtonian mechanics.

5.  N springs

Let us now consider a system composed of N masses coupled together by springs in one

dimension. For simplification, we assume that all masses m and all spring constants k are the

same. We will see later, that this actually makes sense in the limit. Finally, we need to

introduce some sort of boundary conditions. Keeping the ends at rest would make sense, but it

is more comfortable to assume that the first and the last mass behave the same. We call this

periodical boundary conditions. So from now on we identify: m1 ¦

m N . This is why our

sums will only run from 1 to N-1. 

To use the Lagrangian method, we must find L § T ¨ V . The kinetic energy for one moving

mass is given by T ©

1
2

mv 2 . To find the potential V, we remember Hooke’s law F ª¬« kx .

In general the force is the gradient of the potential, so in one dimension: F ­%®°¯

V
±

x
.

Integration of Hooke’s law immediately yields: V ²

1
2

kx 2 , where x represents the distance

of the mass from its point of rest. If we denote the rest length of the springs by a, the rest



positions of our masses are x i ³

i a . We will call the distance of each mass mi  from its

resting position � i .

Then - using v ´ d � µ dt ¶¸· �  - we have:
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To obtain the equations of motion, we calculate the Euler Lagrange equations:Ã
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We note that every � i  shows up twice, because there is a spring on every side of it exerting a

force on it in opposite directions. Regrouping the terms, we get:Ò
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While this system is solvable, it is certainly tedious, especially for large N. And we must also

admit, that we cannot see, what happens in the limit N ÙÛÚ .

6. The limit for infinitely many masses

What does this limit describe? Well, it describes a rope, where all molecules are coupled by

extremely small springs. It makes sense now, to assume that the mass of each tiny piece of

rope is the same and all spring constants are equal. Before we start taking the limit, we must

make sure that important quantities describing the system don’t vanish or blow up. First of all

the total mass M of the rope should not change therefore: Ü

i Ý 1

N

mi Þ

Nm N ßáà M . The same is

true for the length a: â

i ã 1

N

l i ä

Nl N åáæ a . Finally the term k ç m , we obtained above should

still be a useful quantity. This can be insured by keeping k è N N éëê �  constant. These

requirements imply that a and m go to zero while k goes to infinity when taking the limit for

N to infinity. 

To actually compute this limit it is our goal to find a Lagrangian of the form:
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L ï x ð dx . That is, we want to express our Lagrangian as sum over infinitesimally

small parts of the rope, dx. To do so, we recall our Lagrangian from above:
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Now replace the masses and spring constants as follows: m ù M ú N , k û N�  to get:
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Now we want to make a dx “appear”. To accomplish this, we use x� � a
�

N , the distance

between two of the masses:
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To understand, what happens when we take the limit, we note that x�  will become

infinitesimally small. So we can replace x� N ��� dx . To explain, why we added an

additional x� � x�  to the second term, we recall the definition of the derivative:�
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l im
x� � 0

� i �

� i � 1

x�  

!

�
"

x
. Finally, in the limit the sum becomes a Riemann sum and can

therefore be replaced by the integral over dx. Using all this, our Lagrangian becomes:

L #%$

0

a
M
2a

&

� 2 '

a�
2

(

�
)

x

2

dx

To find the Euler Lagrange equations for this Lagrangian, we must once again minimize the

action S *,+

t 1

t 2

dt -
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dx L .� , � , t . Deriving the corresponding Euler Lagrange equation can

be done completely analogously to the derivation in part 2 of the paper. It is:/
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Rewriting our final expression yields:K
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This is the wave equation, probably the most famous 2nd order partial differential equation.

Our solution therefore describes a plane wave, travelling with the speed v P

�
M

. How to

solve this equation and derive the speed of the wave will be shown in the course Partial

Differential Equations. It was our desire to show, how a system of ordinary differential

equations can lead to a partial differential equation when taking the continuous limit. This

effect shows up extremely often in continuum mechanics.


